PRE-IMAGES IN QUADRATIC DYNAMICAL SYSTEMS 

BENJAMIN HUTZ, TREVOR HYDE, AND BENJAMIN KRAUSE 

Abstract. For a quadratic polynomial with rational coefficients, we consider the problem of 

bounding the number of rational points that eventually land at a given constant after iteration, 

called pre-images of the constant. In the article "Uniform Bounds on Pre-Images Under Quadratic 

f^ ■ Dynamical Systems," it was shown that the number of rational pre-images is bounded as one varies 

O^ ' the polynomial. Explicit bounds on the number of pre-images of zero and —1 were addressed in 

►^._^, subsequent articles. This article addresses explicit bounds on the number of pre-images of any 

j^ ' algebraic number for quadratic dynamical systems and provides insight into the geometric surfaces 

parameterizing such pre-images. 
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1. Introduction 



Fix an algebraic number field K and a number c ^ K and define an endomorphism of the affine 
line by 

rQ'- fc-A]^^ ^K, fc{x) =X^ + C. 

C^ . If we define f^ to be the A^-fold composition of the morphism /c, and f~ to be the inverse image 

of a in A^ under f^ , then for a G h}{K), the set of rational iterated pre-images of a is given 
by 

(N ■ U fc^'i^^W) = {x^ G A\K) : f^ixo) = a for some N > 1}. 

'" ' N>1 

Heuristically, finding iterated pre-images amounts to solving progressively more complicated 
t^ . polynomial equations, and so i^-rational solutions should be a rarity. The situation becomes more 

^^ I interesting as we vary c, which has the effect of varying the morphism fc- 

I> 
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Definition 1.1. Define 



.(a) = sup#J U fc''{a)iK) 



c€K , jY>^ 



> . 



A special case of the main theorem in [3] shows that K{a) is finite, but does not give an explicit 
?-H ' bound. Note that it is easy to construct a pair (a, c) with arbitrarily many rational pre-images 

simply by fixing c and taking a = fc{N){0). The fact that K{a) is finite shows that, for a given a, 
such c values are rarely defined over the same field. 

When needed for clarity, we include the field K in the notation as K(a,K). In this article, we 
focus on a weaker notion ^(a) that bounds the "typical" number of rational pre-images. 



Definition 1.2. Define 



K(a, K) = lim sup # < 
ceK 



U /-^(a)(if) 



N>1 
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In essence K(a) differs from K{a) by excluding at most finitely many c values from consideration, 
thus, K{a) < K,{a). 

Tlie cases of a = and a = — 1 were studied in [5l [9], respectively, and it was shown that 
k(0,Q) = k(— 1,Q) = 6. In [5| a significant amount of effort went into the more difficult task of 
showing that «;(0, Q) = 6, assuming some standard conjectures. This article addresses the situation 
from the more general setting of allowing a to vary and examining the "pre-image surfaces" instead 
of "pre-image curves." We also allow arbitrary number fields K. Our main result is the following 
theorem. 

Theorem 1.3. For a € Q and for any fixed algebraic number field K we have 



flO o 



K(a,K) 



1 

4 

6 or 8 a = the three 3'''^ critical values 
4 ae SnK 

6 otherwise. 



The set S is the finite set of a values (in QJ where the elliptic surface with two rational first 
pre-iniages and four rational second pre-images and the elliptic surface with two rational first pre- 
images, (at least) two rational second pre-images, and (at least) two rational third pre-images both 
have specialization with rank zero at a. 

The elliptic surface parameterizing values of a and c with two rational first pre-images, (at least) 
two rational second pre-images, and (at least) two rational third pre-images has generic rank two 
(Theorem 13. 3p . Thus, finding the set of a values where the corresponding specialization is an 
elliptic curve of rank zero is a generalization of the problem studied in [12]. Masser and Zannier 
have shown that such sets are finite [13], implying the set S is finite. The critical values are defined 
in Definition 12.11 

The organization of the article is as follows. In Section [3] we examine the lower bound for 'K{a) 
by finding the generic rank over Q of the elliptic surfaces corresponding to arrangements of 6 pre- 
images. In Section m we examine the upper bound on K(a) by showing that all arrangements of 2N 
pre-images for some A'^ correspond to curves of genus greater than 1. In Section [5] we prove Theorem 
11.31 In Section [6] we prove some additional properties of the pre-image surfaces that are tangential 
to the proof of Theorem 11.31 yet still of interest. Section 16.11 parameterizes the possible torsion 
subgroups of the elliptic surface corresponding to two rational first pre-images and four rational 
second pre-images. Section [6^2] examines exceptional pairs {a,c) that are excluded by considering 
K(a) instead of K(a). 

We present these results for two reasons. First, by working with the "moduli surfaces" pa- 
rameterizing arrangements of pre-images, our problem can be reduced to the classical Diophantine 
problem of finding rational points on curves and surfaces. Second, our setting provides a nice exam- 
ple in which elliptic surfaces naturally arise and we apply specialization theorems, rank arguments, 
height functions, and use explicitly that the geometry of a curve has implications for its arithmetic 
through the use of Falting's Theorem. 

We make heavy use of the algebra and number theory systems Magma [2j and PARI/gp |22j . 

A similar analysis would almost certainly be possible for the families of maps of the form x'^ -\- c 
for d > 2 a positive integer. In fact, for any family of polynomial maps of fixed degree it seems 
likely that the same methods would apply. For more general rational maps, at the very least, there 
would be additional complications for the genus calculations. This problem poses an interesting 
direction for further study. 
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2. Pre-image Curves and Surfaces 

In this section we summarize the necessary geometric theory of pre-image curves developed in 
[H [5] and then introduce the pre-image surfaces we consider in this article. Let i^ be a number 
field. As in the introduction, we define a morphism fc : A^ — t- A^ for any c £ K hy the formula 
fdx) = x^ + c. We could view fc as an endomorphism of P|^, but the point at infinity is totally 
invariant for this type of morphism and, thus, dynamically uninteresting. Fix a point a £ K and a 
positive integer A^. Define an algebraic set 

Y^'" {N,a) = V {f^{x) - a) C A|^ = Spec i^[x,c]. 

If yP''° (A^^ a) is geometrically irreducible, we define the N pre-image curve, denoted X^^'^ {N, a), 
to be the unique complete curve birational to Y^'^^ {N,a). 

Definition 2.1. We say a is an N^^ critical value of fc if 



fco (0) = a and 



do 



= 0. 

c=co 



Theorem 2.2 ([T, Cor. 2.4 & Thm. 3.2]). Suppose N is a positive integer and a £ K is not a 
critical value of fc for any 2 < j < N . Then yP^'^ {N,a) is nonsingular, geometrically irreducible, 
and the genus of X^'" {N,a) is {N - 3)2^-2 + 1. 

For a £ K, define a morphism t/j: yP'''^ {N,a) — t- A^ by 

^ix,c) = {x,fc{x)J^{x),f!{x),...,f^-\x)). 

We recall the following theorem. 

Theorem 2.3 ([5l Proposition 4.2]). 

(a) The projective closure of the image of ijj is a complete intersection of quadrics with homoge- 
nous ideal 

J = {Zl_^ + Z,Zn - Zf_^ - aZ% : i = 1,2,3, ..., N - 1) . 

(b) The points ofV{J) on the hyperplane Zj\f = have homogeneous coordinates 

(eo : • • • : eAr_i : 0) , e^ = ±1. 

In particular, there are 2 of them. Moreover, they are all nonsingular points ofV{J). 

(c) IfY^^° {N, a) is nonsingular, then X^^*^ (N, a) = V{J) and the complement of the affine part 
XP'"" {N, a) \ yP^^ (iV, a) consists of 2^-^ points. 

Definition 2.4. We define the N^^ pre-image surface X^^^^ (N) as the surface fibered over P|^ 
by a. The fiber over a is given by X^^^ (N, a) if yP''*^ (A^^ a) is geometrically irreducible and V{J) 
otherwise. In particular, for each a £ K not a critical value of fc, we get a nonsingular curve in 

XP""" (N) XT''' {N, a) 



K 

Note that for a fixed oq, the affine points (xq, cq, 1) on the curve X^^'^ {N, oq) are in bijection with 

ICO 



the N^^ pre-images xq G fcJ^i^^o)- 



We will consider the N pre-iinage surfaces in the language of function fields. In particular, 
consider the function field K(a) which is comprised of all rational functions in a with i^-rational 
coefficients. In particular, we consider the surfaces defined as 

and 

XP- (N) = V {Zl_^ + Z,Zn - Zti - aZ2, : i = 1, 2, 3, . . . , iV - 1) C P^(„). 

The genus formula (Theorem 12. 2p applies to each fiber for which yp"^^ (A^, a) is nonsingular and 
geometrically irreducible. In particular, X^^'^ (1) and X^'^'^ (2) have fibers of genus 0, X^"^^ (3) has 
fibers of genus 1, and X'^'^'^ [N) for A^ > 4 has fibers of genus > 1 (with finitely many exceptional 
fibers for each A^). Therefore, for N > 3 and all but finitely many a £ K, it follows from Falting's 
theorem that there are only finitely many points (x, c) G X'^^'^ {N,a). Thus, except for the finitely 
many a values, the N pre-images for A^ > 3 have no contribution to K(a). This premise is the 
content of Corollary 14.21 and the rest of Section H] addresses the exceptional a values. 

Throughout this article we discuss arrangements of pre-images. For example, by a 222 arrange- 
ment we mean that there are two rational first pre-images, (at least) two rational second pre-images, 
and (at least) two rational third pre-images. Similarly, a 2424 arrangement has two rational first 
pre-images, four rational second pre-images, (at least) 2 rational third pre-images, and (at least) 
four rational fourth pre-images. Note that any 226 arrangement would have to be part of a 246 
arrangement since the forward image of a rational point is still a rational point. 

3. Arrangements of Six Pre-Images 

By examining the arrangements of six pre-images we are able to prove the following lower bound 
for K(a). 

Theorem 3.1. Let K be a number field. There is a finite set S such that 

JK{a)>6 aeK\{SnK) 
I K(a) = 4 a£ SnK. 

Proof. The 22 curve over the function field K{a) is the curve whose points correspond to two 
rational first pre-images and (at least) two rational second pre-images. It has fibers of genus [1] 
and at least one Q-rational section for each choice of a, (1,1,0). Thus, each fiber has infinitely 
many rational points and ^(a) > 4. 

Theorem 13.31 shows that the 222 surface has generic rank at least 2 (exactly 2 over Q). Theorem 
13.21 shows that the 24 surface has generic rank over Q. Let S be the (possibly empty) set of 
a values for which both the 222 and 24 surface specialize to rank 0. By [13] the set of a values 
where the 222 surface has rank is finite and thus, S is finite. If a £ S D K, K{a) = 4, otherwise 
K(a) > 6. D 

3.1. Second Pre-Images. We consider the situation where the pre-image tree is full to the second 
level. In other words, two rational first pre-images and four rational second pre-images. 




—u. 



We can define this curve over the function field K{a) as 

^24 = F(s^ -tz- {f - az'^),u^ + tz- (t^ - az^)) C ¥%(^^y 

The fibers (when nonsingular) have genus one with at least one rational section (1,1,1,0) so we 
can produce a minimal Weierstrass model (using Magma [2]) as an elliptic curve over the function 
field K{a) as 

^24(0) : v'^w = u^ + (4a - l)u^w + IGauw"^ + (64a^ - I6a)w^ 

with j-invariant 

, , (16a2 - 56a + 1)^ 
^^'^^ = a(4a + 1)4 
and discriminant 

A(a) = a(4a + l)^ 

The only fibers which are not elliptic curves are a = and a = —j. This is in fact a rational elliptic 
surface since it has a Weierstrass model satisfying deg(aj) < i for a, the coefficients of an elliptic 
curve in Weierstrass form [17, page 237]. 

Theorem 3.2. E24,{a){Q{a)) has rank and torsion subgroup Z/4Z generated by 

T{a) = (2, 8a + 2,1). 

Proof. We use |151 Main Theorem] to see that the rank over Q(a) is zero. We compute the Kodaira 
symbols in Magma to get 

[<I4,1 >,<I1*,1 >,</l,l >]. 
From row 72 in the table [15] we have that the rank of E2i{a){<^{a)) is zero. Examining the torsion, 
we see that the point 

(2, 8a + 2,1) 
has order 4 and the specialization -E'24(1)(Q) has torsion subgroup Z/4Z. Since the specialization 
map is injective on torsion on all nonsingular fibers, £'24(0) has torsion subgroup exactly Z/4Z. D 

3.2. Third Pre-Images. From Theorem 12.31 we see that the elliptic surface parameterizing third 
pre-images of a over the function field K[a) is given by 

-^^222 = V{zl + 212:3 - 2o - «2:|, zl + 22^3 " ^1 " az^) C F^(^). 

Using the cuspidal point (—1,1,1,0) from Theorem 12.31 as the section at infinity we can find a 
minimal model in Magma as 

^222 (a) : v'^w = u^ + (16a + U2/12.)u^w + (10048/13a + 293084/169)tiU'2 + (10240^ 

+ 1620800/169a + 30250696/2197)^^ 

with j-invariant 

... ^ (16a^ + 3)^ 

■'^"'' ~ (4a + l)2(256a3 + 368a2 + 104a + 23) 
and discriminant 

A(a) = (4a + l)2(256a^ + 368a2 + 104a + 23). 
As expected, the only fibers which are not elliptic curves are the fibers over a = —1/4 and the 
three 3 critical values. This is in fact a rational elliptic surface since it has a Weierstrass model 
satisfying deg(aj) < i for aj the coefficients of an elliptic curve in Weierstrass form [17[ page 237]. 

Theorem 3.3. E222{o){Q.{o)) has rank 2 generated by the two independent sections 
P(a) =(- — ,32a + 8,1 j and Q(a) = f - — , 32a + 8, ij . 



Proof. We use |15l Main Theorem] to see that the rank over Q(a) is exactly two. We compute the 
Kodaira symbols in Magma to get 

[</l,3>,</2,l >,</l*,l >]. 

From row 30 in the table [15] we have that the rank of -E222(ffl)(Q(a)) = 2. Since the specialization 
map is injective on torsion on all fibers where -£222 is nonsingular, and the specialization £'222(0) 
has no torsion, there are no rational torsion sections. We can see P{a) and Q{a) are actually the 
generators by finding a specialization £'222(00) which is rank 2 with generators P(ao) and Q{aQ). 
For a = 4 we have 

£222(4) : v'^w = u^ + 177i/13u'^w + SlSSSO/ieg-uu-^ + 150527944/21977/;^ 

and from Magma the generators are 

(-262/13,136,1) and (-1146/13,136,1). 

In terms of £"(4) and <3(4) these are 

P(4) and P(4) + Q(4). 

Thus, -P(4) and <5(4) generate the Mordell-Weil group £222(4) and, hence, P{a) and Q{a) generate 
the Mordell-Weil group of £222(0). D 

4. Arrangements of Eight or More Pre-Images 

We examine when the genus of the fibers of pre-image surfaces of various arrangements of 2N 
pre-images is greater than 1 and, thus, by Falting's theorem have a finite number of rational points 
over an algebraic number field. In particular, if every 2N arrangement has genus greater than 1 for 
some N, then ^(a) < 2N. The difficulty lies in determining the genus when the fiber is singular. 
We treat the nonsingular case in the following theorem. 

Theorem 4.1. // the curve (fiber) defining an arrangement of 2N rational pre-images of a is 
nonsingular, then it has genus {N — 3)2 + 1. 

Proof. A complete intersection in P™ is defined as a subscheme Y of P™ whose homogeneous ideal 
/ can be generated by r = codim(y, P"^) elements [6, Exercise II. 8. 4]. Each surface arranging 2A'" 
points can be described by the equations 

fc{zi) = a and fc{zi) = {-lYzj for 2 < i < N 

where 1 < j < N and e = ±1 depending on the arrangment of points. Homogenizing and elimi- 
nating c from this system of equations describes each fiber as a curve defined by A^ — 1 degree two 
hypersurfaces in P^ and, hence, a complete intersection. From [51 §22] or [U Corollary 2] we get 
a formula for the arithmetic genus of a complete intersection of A'^ — 1 degree two hypersurfaces in 

P^ as 



N-l 
Pa 



m=l ^ ^ 



where </>Ar(z) comes from the Hilbert polynomial of the 2N curve and is given by 

^ ,, {z + l){z + 2)---{z + N) fz + N^ 
'^^(") = Nl =[ N 

Since the arithmetic genus is equal to the geometric genus for nonsingular curves [6!, Proposition 
IV. 1.1], the genus is independent of the arrangement of the pre-images and from [4, Theorem 1.5] 
we get the simpler formula 

g = (iv - 3)2^^2 ^ 1. 

D 



Corollary 4.2. // the curve (fiber) defining an arrangement of 2N rational pre-iniages of a is 
nonsingular, then the genus is greater than 1 for 2N > 8. 

We have thus reduced the computation of K(a, K) to checking a values where the fiber is singular 
for arrangements with 8 (or more) rational pre-images (224, 242, 2222). The method is as follows. 

(a) Using the Jacobian criterion, determine all of the singular fibers (a values). 

(b) Determine the (5-invariants of each singular point to determine the genus of each singular 
fiber. 

Recall that the 5-invariant of a singularity P is defined as 



1 



where the sum ranges over the infinitely near points of P and mq are their multiplicities. See |161 
Section 3.2] for the basic definitions and the case of plane curves and O Section 9.2, Theorem 7] 
for a more general discussion. As the singularity analysis computations are identical in form for all 
of the singularities, we outline the method, include the first such computation, and omit the details 
for the other singularities. The singularity analysis proceeds as follows. 

(a) Let C C F^ be a singular curve with singular point P. We move P to (0, . . . , 0, 1) and 
dehomogenize. 

(b) Project onto a singular plane curve with isomorphic tangent space at the singular point. 

(c) Analyze the singularity of the plane curve with blow-ups and compute the 5-invariant. 

4.1. Examining the 224 Surface. One possible 224 arrangement of 8 pre-images is 




-r. 



Every other 224 arrangement differs only by renaming, so this is the only distinct 224 arrangement. 
The curve is defined by three degree two equations in P"^ as 



Co 



V{az^ - t^ 



{tz- s^),az^ -t^ 



{sz — q^)^az^ — t^ 



[-sz-r"^)) cra)4 



Theorem 4.3. The a values for which the fiber of the 224 surface is singular are given by 

a G < --,0,01,02,03 

where 01,02, 03 are the three 3'^'^ critical values of fc 

Proof. We apply the Jacobian criterion to determine the singular points. For each singular point, 
we can determine the associated a value(s). Examining the hyperplane at infinity z = we have 
the 8 cuspidal points (±1, ±1, ±1, 1,0) G P^. To check the singularity of these points, we use the 
Jacobian criterion on the affine chart A^ /q with generators 



{az 



2 ^2 



(tz - s^),az^ -t^ - {sz - l),az^ - t^ - {-sz - r^)} 
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to have the Jacobian matrix at z = 

'O 2s -2t -V 

-2t -s 

^2r -2t s 

The determinant of one such maximal minor is —8rst, and since r,s,t ^ 0, this is nonzero, so the 
cuspidal points are all nonsingular. 

Now we consider the points in the affine chart A^ /q which has generators 

{a - t^ - (t - s^), a - t^ - (s - q'^),a -t^ - {-s - r^)}. 
The Jacobian matrix is given by 

' 2s -2t-l 
2q -1 -2t 
2r 1 -2t 

and the determinants of the maximal minors are 

{8qrs, 4qr{-2t - 1), 2q{Ast -2t- 1), -2r{4st + 2t+ 1)}. 

The combinations that result in all 4 determinants vanishing are the following. 

(a) If q = r = 0, then we have c = is and so c = and so o = 0. 

(b) If g = and (4st+2t+l) = 0, then we must have s ^ — ^ so we can solve t = —j^r^ = ~j^j:2- 

Then we have s'^ + c = c^ + c = t and the roots of 4c^ + 6c^ + 2c + 1 = "J" combined with 
o = fc{fc{fc{0))) to get the three 3'''^ critical values. 

(c) If g 7^ 0, r = 0, and (4st — 2t — 1) = 0, then we must have t ^ and we can solve 
s = -^^ = — c. Then we have s'^ — s = t and the roots of 16t^ + 4t^ — 1 which give the three 
3'^'^ critical values. 

(d) If g, r / 0, s = 0, and t = — |, then we have c = — | and so o = — ;|. 

D 

We will treat a = — 4 in Section 14. 4[ 



4 

Theorem 4.4. The genus of C224 is 

_ J4 a = 

|l a €{01,02,03} 

where 01,02,03 are the three 3 critical values of fc- 

Proof. There is one singular point for o = and four singular points for each Oj. In all cases 6p = 1 
so the genus drops by 1 for each singular point. 

We now compute the (5-invariant of one of the singular points for oi. The 224 curve for oi is 
defined as 

^(oiz^ - t^ - {tz - s^), oiz^ ~t^ - {sz - q^),aiz^ - t^ ~ {-sz - r^)) 

and if a is a root of 

4x^ + 6x^ + 2x + 1 
then 

ai = a^ + 2a3 + a^ + a = -l/4a^ + l/2a - 1/8. 
We label the coordinates as {q,r,s,t,z) and the singular point is 

p = (0,-/3,0,0^ + 0,1) 



where 



/?^ = -2a. 



We move P to (0, 0, 0, 0, 1) with a translation 

(g, r, s, i, z) ^-^ {q,r — (3z, s + az, t + {a + a)z) 

to get a new curve C and singular point P = (0,0,0,0, 1). We dehomogenize to affine coordinates 
{Q, R,S,T) = (f , f , f , ^) and compute the tangent space at P as 

-2Ta2 - 2Tq - T + 2Sa = 
(1) < -2Ta^ - 2Ta - S = 

-2Ta2 - 2Tq + S- 2fiR = 0. 

Notice that the second equation of ([T]) implies the first using the degree 4 polynomial satisfied by 
a. Thus, the tangent space is given by 

J -2Ta^-2Ta-S = Q 

y -2Ta^ -2Ta + S -2I3R = 0. 

Since we want to project C to a plane curve preserving the tangent space at P we define 

u = -2Ta^ - 2Ta - S 

V = -2Ta^ - 2Ta + S- 2/3i?. 

with inverse 

^ BR u V 

+ ^ ^ + 



-2a^ - 2a -Aa^ - 4a -Aa^ - 4a 

and make the change of variables {Q,R,S,T) i— )• {Q,R,u,v) to get a new curve C" and point P' . 
The tangent space at P' is given hy u = v = 0. We now project C onto a plane curve in the 
Qi?-plane. To project we eliminate the variables u, v from the three defining equations of C to get 
the single equation 

(2a + 1)Q^ + ((-8a - 4:)R^ + (16/3a + 8/3)i? + (IGa^ - 4))^^ + ((12a + 6)i?^ + (-48/3a - 2A/3)R'^ 

+ (-144a2 - 64a + 4)i?2 + (ge/Ja^ + 32/3a - 8f3)R + {-GAa'^ - 24a - 8))Q'^ + ((-8a - i)R^ 

+ (48/3a + 24/3)i?^ + (240a2 + 128a + 4)i?^ + (-320/3a2 - 192/3a - 16/3)i?^ 

+ (384a2 + 208a + 128)R^ + {-128f3a'^ - 96/3a - 64/3)i? - 32a)Q2 + ((2a + l)R^ 

+ (-16/3a - 8/3)i?^ + (-112a^ - 64a - 4)i?^ + (224/3a^ + 160/3a + 24/3)i?^ 

+ (-320a2 - 152a - 136)i?^ + (128/3a2 + 32/3a + 96/3)i?3 + {-Gia"^ + 64a)i?2) = o 

defining a plane curve in A^ with variables {Q, R). Notice that the only points of the form (0, 0, u, v) 
on C is the point (0, 0, 0, 0) (in the other words, the singular point is the only point that projects 
onto (0,0)), so we proceed with analyzing the plane curve singularity (0,0). Blowing-up once 
resolves the singularity and we see that it has multiplicity 2. So we compute 

5p = ^(2.1) = l. 

9 



A similar analysis is done on all of the other singularities to get 5p = 1 for all P for all a £ 
{0,01,02,03}. Hence, we have 

1^ = 5-1 = 4 if = 

1 5 = 5 - (1 + 1 + 1 + 1) = 1 if o = oi, 02, 03. 
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4.2. Examining the 242 Surface. One possible 242 arrangement of 8 pre-images is 

o 




-u. 



Every other 242 arrangement differs only by renaming, so this is the only distinct 242 arrangement. 
The surface is defined by 3 degree two equations in P^ as 

C242 = Viaz"^ -t^ - (tz - s^), oz^ - t^ - {-tz - u^),az^ - t^ - {sz - q^)) C P^^^^. 

Theorem 4.5. The a values for which the fiber of the 24-2 surface is singular are given by 

1 



o G 



-,0,2,01,02,03 



f - {tz - s'^),az'^ -t^ - {-tz - u^),az^ - t^ - {sz - 1)}. 



where 01,02,03 are the three 3 critical values of fc- 

Proof. We apply the Jacobian criterion to determine the singular points. For each singular point, 
we can determine the associated o value(s). Examining the hyperplane at infinity, z = 0, we have 
the 8 cuspidal points (±1, ±1, ±1, 1,0) G P^. To check the singularity of these points, we use the 
Jacobian criterion on the afhne chart A^ /q with generators 

r 2 +2 u^ „2^ „„2 +2 ,- +„ „,2^ „ „2 +2 

The Jacobian matrix at z = is given by 

/2s -2t -r 

2u -2t t 
yO -2t -Sj 

The determinant of one maximal minor is —8sut, and since s,u,t 7^ 0, this is nonzero, so the 
cuspidal points are all nonsingular. 

Now we consider the points in the afhne chart A^ ,q which has generators 

{a-t"^ - {t- s^), o - t^ - {-t - n^), o - t^ - (s - q^)}. 

The Jacobian matrix is given by 

'0 2s -2t-l 

-2t + l 2u 

2q -1 -2t 
10 



The determinants of the maximal minors are 

{2M(4st + 2t + l),4qu{-2t - l),8qus, 4gs(-2t + 1)}. 

The combinations that result in all 4 vanishing are as follows: 

(a) If g = and u = 0, then /^ (0) = a and /^ (0) = a which is the polynomial equation 

UWM)) - fcifciO)) = c^ + 2c' = c3(c + 2) = 



or a 



0, then we must have s / — ^ so we can solve t 



so c = or c = —2. So we have a 

(b) Ifg = 0and(4st+2t+l 

Then we have s'^ + c = c'^ + c = t and the roots of 4c^ + 6(P + 2c + 1 
o- = fc{fc{fc{0))) to get the three 3'''^ critical values. 

(c) If n = and s = 0, then c = ±t and so t = c = and so a = 0. 

(d) If n = and t 



1 



1 



dc 



4s+2 4c+2 • 

combined with 



^ , then c 



-^ and so a 



(e) If s = and t = — 2, then c = —^ and so a 



We will treat a = — 4 in Section 



D 



Theorem 4.6. The genus of C242 ^s 



a = 
a = 2 
a G {01,02,03}. 



3 

4 
3 

Proof. We proceed as in the proof of Theorem 14.41 for analyzing the singularities. 

For a = there is one singularity that required two blow-ups to resolve and we get multiplicity 
2 for both of the infinitely near points and, hence, (5p = 2 (2 • 1) + 2 (2 ■ 1) = 2 and g = 5 — 2 = 3. 

For a = 2 there is one singular point with 5p = 1 and, hence, (7 = 5 — 1=4. 

For a £ {01,02,03} each curve has two singular points both with 5p = 1 and, hence, g = 
5 -(1 + 1) = 3. 

D 



4.3. Examining the 2222 Surface. One possible 2222 arrangement of 8 pre-images is 

o 




—u 



Every other 2222 arrangement differs only by renaming, so this is the only distinct 2222 arrange- 
ment. The surface is defined by 4 degree two equations in P^ as 



G 



2222 



Viaz'^ 



{tz 



,az 



r - {sz 
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, az 



{qz-u'))CF%^^y 



Prom [U Theorem 1.3] the only singular fibers are for a the N critical values for 2 < A^ < 4. For 
N = 2 we get a = —j which will be treated in Section I4.4[ For A'^ = 3 we get the three 3'''^ critical 
values which we label a3^i,a3^2;fl3,3- For A^ = 4 we get the seven 4*^ critical values which we label 
a^^i for 1 < i < 7 which satisfy 

a = fcifcifcifciO)))) for 8 J + 28c^ + 36c^ + 30c^ + 20c3 + 6c2 + 2c + 1 = 0. 

Theorem 4.7. The genus of C2222 is 

_ 1 3 a G {03,1,03,2,03,3} 
^"[4 oG {04,^:1 <i < 7}. 

Proof. A fiber of the 2222 surface is isomorphic [5, Proposition 4.2] to the degree 16 plain curve 
defined by the equation 

f^{x) = a. 

For a G {03,1} there are three singular points, one of which is (0, 1, 0) and the other two depend on 
a. The (0, 1,0) point requires several blow-ups and has 6p = 100 and each of the other two points 
have 6p = 1 for a final genus of 

5 = - (15 • 14) - 102 = 105 - 102 = 3. 

For a G {04,1} there are two singular points, one of which is (0, 1, 0) and the other depends on a. 
The (0, 1, 0) point has 6p = 100 and the point has 6p = 1 for a final genus of 

5 = - (15 • 14) - 101 = 105 - 101 = 4. 

D 

Corollary 4.8. For any a G Q\{ — 4} and any algebraic number field K there are only finitely 
many c^ K for which there are at least two K-rational 4**^ pre-images of a. 

4.4. The Bound k(— 1/4). For a = —j the pre-images curves are in fact reducible since we have 
an equation in the generators of the form 

s^ + (t - l/2zf = {s-{t- l/2z)){s + {t- l/2z)), 

where s is a 2"^"^ pre-image of a for which s"^ + c = t and t"^ + c = a and an equation of the form 

u"^ -{t + l/2zf = {u-{t + l/2z){u - {t + l/2z)) 

where u is a 2 pre-image of a for which n^ -|- c = —t. After splitting the pre-image curves into 
their distinct irreducible components we can again proceed with genus calculations. 

Theorem 4.9. For any fixed number field K, k (— j) = 10. 

Proof. Using the Jacobian criterion we compute that the following curves are all nonsingular, and 
we apply the genus formula from [8, §22] or [T, Corollary 2] to compute the following genera. 

_ fl {224,2222,244,2422} 
^ ~ [5 {22222, 2224, 2242, 246, 2442, 2424, 24222}. 

Using Magma, we see that the 244 curve is a rank 1 elliptic curve over Q isomorphic to 

V w = u + u w — 9uw + 7w 

so has infinitely many rational points. Therefore, there are infinitely many c with 10 rational 
pre-images of — ^ and only finitely many c values with 12 (or more) rational pre-images of — j. D 
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5. Proof of Theorem 11.31 
We are now ready to prove Theorem 1 1.3i 

Proof. The case a = — 4 was covered in Theorem 14.91 

For a a third critical value we have genus 1 for the 224 curve and, hence, for a large enough 
extension of Q it has positive rank and infinitely many rational points. Also, it has no Q-rational 
points. The 242 curve has genus greater than 1 and, hence, has only finitely many rational points. 
Thus, for K(a, K) to be at least 10 there must be infinitely many rational points on a curve corre- 
sponding to an arrangement with rational 4* pre-images, which is not possible by Corollary 14.81 
So it is possible for ^(a, K) to be either 6 or 8 depending on the field. 

For all other values of a we have the genus of the 224 and 242 curves are greater than 1 and, 
hence, have only finitely many rational points. Any arrangement with more points must contain 
one of these two arrangements, hence ^(a, K) < 6. Theorem 13.31 shows that the 222 surface has 
generic rank 2 and [13] shows that the set of a where the rank is is finite. Every a value for which 
both £"222 and £"24 specialize to rank has K{a) = 4, otherwise ^(a) = 6. D 

6. Other Properties of Pre-Image Surfaces 

In this section we collect some additional properties of the pre-images surfaces that are tangential 
to the proof of Theorem 11.31 yet still of interest. 

6.1. Parametrization of Torsion Subgroups of £"24. Recall that Mazur's Theorem [T3] gives 
a description of the possible torsion subgroups of elliptic curves over Q and that the specialization 
map is injective on nonsingular fibers. These facts combined with Theorem 13.21 implies that the 
possible torsion subgroups for a nonsingular specialization of £24(0) must be isomorphic to one of 
the following groups: 

{Z/2Z X Z/4Z, Z/2Z X Z/8Z, Z/4Z, Z/8Z, Z/12Z}. 

We characterize the a values giving rise to a specialization with each of these possible torsion 
subgroups in the following theorem. 

Theorem 6.1. 

(a) £24 (a) (Q) contains a subgroup isomorphic to Z/2Z x Z/4Z if and only if 

a = -t^ for tGQ\|o,±^ 

(b) £24 (a) (Q) contains a subgroup isomorphic to Z/8Z if and only if 

t^it^ -2) 
a=^ for iGQ\{0,±l}. 

(c) £24 (a) (Q) contains a subgroup isomorphic to "L/TL x 'L/S'L if and only if 

(4t2-4t-l)2(4t2 + 4t-l)2 ^ _^ r 1 

a = -- -^ — ^ for teQ\<^0,±- 

4(4*2 + 1)4 ■' v:\| , 2 

(d) £24(a)(Q) contains a subgroup isomorphic to Z/12Z if and only if 
_ (13691470144*2 - 235376t + 1) (13903463744*2 - 235376t + 1)^ 0\ /o ^ 



9527265101250297856000000*6(117688* -1)2 '['117688 

Proof. 
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(a) First suppose a = —t^ for some t G Q\ {O, ±1}. Then 

{O,(4t2 + l,0,l),(4t,0,l),(-4i,0,l)} 

is a subgroup of -E'24(— i'^)(Q) isomorphic to Z/2Z x Z/2Z. Since there is also a generic 
torsion point of order 4 (Theorem 13. 2p . E2i{—t^){Q) contains a subgroup isomorphic to 
Z/2Z X Z/4Z. Next, suppose -E'24(fl)(Q) contains a subgroup isomorphic to Z/2Z x Z/2Z 
and, hence, also a subgroup isomorphic to Z/2Z x Z/4Z. Thus, -E'24(o)(Q) has three points 
of order two. Points of order two must be rational roots of the Weierstrass equation 

(2) x^ + (4a - l)x'^ + (16a)x + 16a(4a - 1) = (x + 4a - l)(x^ + 16a). 

So, x^ + 16a must have 2 rational roots, or equivalently, a = — (a;/4)^ = —t^. Hence, there 
are three rational roots of ([2]) if and only if a = —t^ for t S Q. However, if t = ±1/2 then 
the roots will not be distinct, so we must have a = —t^ for t S Q\{ib2}. For t = we get 
a = which is a degenerate case (a singular fiber of XP'"'' (2)). 

(b) Suppose a = t^{t^ — 2)/4 for some t S Q\{0, ±1}. Then it can be verified directly that the 
point P = {2t{t^ + t - 1), 2(t - l)t{t + 1)3, 1) is in £^24(a)(Q) and [2]P = (2, 2(4a + 1), 1) is 
the generator of the cyclic subgroup of order four. So, P generates a cyclic group of order 
eight. 

Now suppose that -E'24(«)(Q) has a cyclic subgroup of order eight. If we let P = {x,y, 1) 
be the generator of the subgroup, then [2]P generates a cyclic group of order four (the 
generic torsion subgroup). So, we must have x([2]P) = 2. This gives us the equation 

x^ - 8x^ - 64ax2 + Sx^ - 512a2x - 10240^ + 2560^ + 64a = 0. 

Then using the solution to the quartic we have the solutions 



, 1 / , , 512 + 4096a2 + 256(8a 



, 1 / , , 512 + 4096a2 + 256(8a - 1) 

. = 2±2V57TT--^24 + (8a-l)± ^^=J V 

In order to have x G Q, and since x is clearly not 2, we must have V^a + 1 € Q- So a = -^- 
for some 6 S Q. The above roots become 

x = 2(l±6 + 6Vl±6) 



X = 2(1 ± 6 - 6Vl ± h) 

Q j-2 lj.1 q\ 

from which it follows that h = ib(t — 1). Thus, a = —^ — -. Note that for t = ±1 we get 
a = —J and for t = we get a = which are all singular fibers. 

(c) Clearly, E2i{a){Q) has a subgroup isomorphic to Z/2Z x Z/8Z if and only if E2{a) has a 
subgroup isomorphic to Z/2Z x Z/4Z and a subgroup isomorphic to Z/8Z. From the two 

previous parts, it follows that a = —tf and a = ^-^-| — -. These two equations define a curve 
of genus zero which can be parameterized with Magma and substituted into a = —tf to get 
the stated form. For t = 0,=bi we get a = —4, which is a singular fiber. 

(d) Since specialization is injective on torsion for nonsingular fibers , E2i{a){Q) has a subgroup 

isomorphic to Z/12Z if and only if there is a point Q = [x,y] G E24{a){Q) for which [3]Q 

generates the generic Z/4Z torsion subgroup. In particular, we must have x([3]Q) = 2. So 

we need to find solutions to 

x([3]g) - 2 



2 
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where we divide out by x — 2 since we only wish to exclude the a values which have purely 
Z/4Z torsion. From the algcurve package in Maple we get the paranietrization given. The 
two excluded t values correspond to the two singular fibers a = and a = —\. 

U 

Corollary 6.2. The a G Q for which -^24 (a) (Q) has torsion subgroup exactly Z/4Z, in other words, 
the a G Q for which the specialization map is an isomorphism on torsion, is a Zariski dense set. 

Proof. From Mazur's theorem and the injectivity of the specialization map, the possible torsion 
groups of £^24 (a) (Q) are 

{Z/2Z X Z/4Z, Z/2Z X Z/8Z, Z/4Z, Z/8Z, Z/12Z}. 

The condition on a for -E'24(fl)(Q)tors to not be Z/4Z is a closed condition from Theorem 16. II and the 
j-invariant. Therefore, every a G Q outside of this Zariski closed set satisfies -E24(a)(Q)tors — Z/4Z 
and there is at least one such a, -E'23(l)(Q)tors — Z/4Z. D 

6.2. Exceptional (c, a) Values Over Q. 

6.2.1. Rank Zero. The methods of [l2l[13|, in principle, can compute the full set S, but in practice 
such computations are difficult. However, computing the set SDK for [K : Q] < 2 from Theorem 
11.31 is feasible since we have an explicit (small) bound on the order of a torsion point. 

We must have both P{a) and Q{a) are torsion on the 222 surface. We have a bound of 18 for 
the order of a torsion point over a quadratic number field K [lOllllj. Finding the a for which P{a) 
or Q{a) is torsion of a given order is solving polynomials equation in a. If there are any a values 
for which they are both torsion, we compute the rank of £24(0)- 

Theorem 6.3. Let S be the set of a values from Theorem \1.3\ for which K(a) = 4. Let K be a 
quadratic number field. Then, S Ci K = 9. 

Proof. Direction computation. D 

6.2.2. Full Trees of Pre-Lmages. We can find an a value with arbitrarily many Q-rational pre- 
images by taking a to be the n forward image of any wandering Q-rational point. This gives a 
very deep but potentially sparse pre-image tree. Consequently, one may ask if you can find an a 
and c which gives a full tree to some level. Clearly, if you allow K/Q to be of large degree, the 
answer is any level, so we address this question over Q. For example, the following lists (c, a) with 
a 246 pre-image arrangement. 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 



-5248/2025, 726745984/284765625) 

-17536/5625,878382976/244140625) 

-9153/6400,-437896611/400000000) 

-24361/14400, -42/25) 

-20817/25600,-1078371711/6400000000) 

-180625/97344, 2845625/5483712) 

- 158848/99225, 20844352384/683722265625) 



Remark 6.4. We were unable to find any pairs (c, o) over Q with the full 248 arrangement, but it 
seems reasonable to expect that such an arrangement exists. We searched by choosing the smallest 
3 pre-image having height at most log(30,000), since choosing two third pre-images which map 
to same second pre-image (up to sign) fixes a unique c value and, hence, a unique a value. 
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